
Criterion for existence of n-periodic orbits of one Mobius function
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Let n � 2 be an integer.
Find all real numbers a such that there exist real numbers
x1; ::::; xn satisfying x1(1 � x2) = x2(1 � x3) = ::::: = xn�1(1 � xn) =

xn(1� x1) = a.
Solution by Arkady Alt , San Jose, California, USA.
Let A be set all real numbers a such that system of equations

(1)
�
xk(1� xk+1) = a; k = 1; 2; ::; n� 1

xn(1� x1) = a
is solvable with respect to x1; ::::; xn 2 R:
Noting that for a = 0 the system (1) has obvious solution x1 = x2 =

::: = xn = 0 we assume further that a 6= 0:This immediately implies that
xi 6= 0; i = 1; 2; :::; n and we can rewrite the system as follows:

(2)
�
xk+1 = h (xk) ; k = 1; 2; ::; n� 1

x1 = h (xn)
; where h (x) := 1� a

x
=
x� a
x

:

Let h1 (x) := h (x) ; hn+1 (x) = h (hn (x)) ; n 2 N and Hn be matrix of
coe¢ cients for

Mobius function hn (x) ;that is hn (x) =
anx+ bn
cnx+ dn

and Hn =
�
an bn
cn dn

�
; n 2

N:
Also let h0 (x) := x: Then H0 =

�
1 0
0 1

�
; H1 = H =

�
1 �a
1 0

�
and

Hn+1 = H �Hn ()�
an+1 bn+1
cn+1 dn+1

�
=

�
1 �a
1 0

�
�
�
an bn
cn dn

�
=

�
an � acn bn � adn
an bn

�
()

8>><>>:
an+1 = an � acn
bn+1 = bn � adn
cn+1 = an
dn+1 = bn

()

8>><>>:
an+1 = an � aan�1
bn+1 = bn � abn�1

cn+1 = an
dn+1 = bn

; n 2 N and a0 = 1; a1 = 1; b0 = 0; b1 = �a:

Since (an) and (bn) satis�es to the same recurrence and b2 = �a then bn =
�aan�1; n 2 N:

Thus; Hn =
�
an �aan�1
an�1 �aan�2

�
; n � 2 and hn (x) =

anx� aan�1
an�1x� aan�2

; n � 2:

Coming back to the system (2) we can see that xk = hk (x1) ; k = 1; 2; ::; n�
1 and x1 = hn (x1) ;
that is x1 is solution of equation hn (x) = x:ThusAn = fa j hn (x) = x; x 2 Rg :
Since hn (x) = x () anx� aan�1

an�1x� aan�2
= x () anx� aan�1 = an�1x2 �

aan�2x ()
(3) an�1x

2 � x (an + aan�2) + aan�1 = 0;
where an is polynomial of a de�ned recursively by
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an+1 = an � aan�1; n 2 N , a0 = 1; a1 = 1
and quadratic equation (3) is solvable in real x i¤ its discriminant
Dn := (an + aan�2)

2 � 4aa2n�1 = a2a2n�2 + 2aanan�2 � 4aa2n�1 + a2n =
a2a2n�2�4aa2n�1+2aan�2 (an�1 � aan�2)+(an�1 � aan�2)

2
= a2n�1 (1� 4a) =

a2n�1 (1� 4a) is
non negative then

An =
�
a j a2n�1 (1� 4a) � 0

	
= (�1; 1=4][fa j an�1 = 0g ; n �

2:
For example, a2 = 1� a; a3 = 1� 2a; ; a4 = a2 � 3a+ 1; a5 = a2 � 3a+ 1�

a (1� 2a) =
3a2�4a+1 and A2 = (�1; 1=4]; A3 = (�1; 1=4][f1g ; A4 = (�1; 1=4][

f1=2g ;

A5 = (�1; 1=4] [
(
3�

p
5

2
;
3 +

p
5

2

)
:

Note that for any a � 1

4
system (1) solvable in R: Indeed, since

h (x) = x () x2 � x+ a = 0 () x 2
�
1�

p
1� 4a
2

;
1 +

p
1� 4a
2

�
then (x1; x2; ::::; xn) = (x; x; x; :::; x) for any such x is solution of (1) be-

cause for x1 = x we have
hk (x1) = hk (x) = x; k = 1; 2; :::; n:

Therefore, to complete the solution of the problem remains �nd all solution
of equation
an�1 (a) = 0 in real a > 1=4 for any n � 2.
Since a > 1=4 () 1

2
p
a
< 1 then denoting � := arccos

1

2
p
a
and bn :=

an

(
p
a)
n we obtain

an+1 = an � aan�1 ()
an+1

(
p
a)
n+1 �

1p
a
� an

(
p
a)
n +

an�1

(
p
a)
n�1 = 0 ()

(4) bn+1 � 2 cos� � bn + bn�1 = 0; n 2 N:
Since bn = c1 cosn� + c2 sinn� and b0 = 1; b1 =

1p
a
= 2 cos� we obtain

c1 = 1; c2 = cot�

and, therefore, bn = cosn�+ cot� sinn� =
sin (n+ 1)�

sin�
; n 2 N:

Thus, for any n � 2 we have an =
an=2 sin (n+ 1)�

sin�
and an = 0 ()8><>:

sin (n+ 1)� = 0
sin� 6= 0
a =

1

4 cos2 �

()
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8>>>>><>>>>>:
� =

1

4 cos2
k�

n+ 1
k = 1; 2; :::; n

a =
1

4 cos2 �

() a =
1

4 cos2
k�

n+ 1

; k = 1; 2; :::;

�
n+ 1

2

�

(since cos2
k�

n+ 1
=
(n+ 1� k)�

n+ 1
; k = 1; 2; ::; n).

Thus, for any n � 2 equation hn (x) = x solvable in R I¤

a 2 An = (�1; 1=4] [

8><>: 1

4 cos2
k�

n

j k = 1; 2; :::;
jn
2

k9>=>;
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